Abstract. C-projective structures are analogues of projective structures in the complex setting. The maximal dimension of the Lie algebra of c-projective symmetries of a complex connection on an almost complex manifold of C-dimension n > 1 is classically known to be 2n 2 + 4n. We prove that the submaximal dimension is equal to 2n 2 − 2n + 4 + 2 δ 3,n . We present various c-projective structures with abundant symmetries. If the complex connection is minimal (encoded as a normal parabolic geometry), the harmonic curvature of the c-projective structure has three components and we specify the submaximal symmetry dimensions and the corresponding geometric models for each of these three pure curvature types. We prove that the submaximal symmetry dimension in the class of Levi-Civita connections for pseudo-Kähler metrics is 2n 2 − 2n + 4, and specializing to the Kähler case, we obtain 2n 2 − 2n + 3. This resolves the symmetry gap problem for metrizable c-projective structures.
Introduction and Main Results
Let ∇ be a linear connection on a smooth connected almost complex manifold (M 2n , J) of C-dimension n ≥ 2. We will assume it is a complex connection, which means ∇J = 0 ⇔ ∇ X (JY ) = J∇ X Y for all vector fields X, Y ∈ D(M). Every almost complex manifold has a complex connection, and the map ∇ → 1 2 (∇ − J∇J) is a projection from the space of all connections to the space of complex connections.
The torsion T ∇ ∈ Ω 2 (M) ⊗ D(M) of a complex connection ∇ needs not vanish. Its total complex-antilinear part T T ∇ can be set to zero by a choice of complex connection. There always exist minimal connections ∇ characterized by T ∇ = T −− ∇ , see [Lic] . Recall that two (real) connections are projectively equivalent if their (unparametrized) geodesics γ, given by ∇˙γγ ∈ γ , are the same (here Y denotes the linear span of Y over C ∞ (M)). Thus equivalence ∇ ∼∇ means ∇ X X −∇ X X ∈ X ∀X ∈ D(M), and any connection is projectively equivalent to a symmetric one: ∇ ≃ ∇ − 1 2 T ∇ . A natural and actively studied analogue of projective equivalence in the presence of a complex structure is c-projective equivalence (also known as h-projective or holomorph-projective equivalence). Let us recall the basic definitions. A J-planar curve γ is given by the differential equation ∇˙γγ ∈ γ C = γ, Jγ . Reparametrization does not change this property. Actually, by a reparametrization one can achieve α = 0 in the decomposition ∇˙γγ = αγ + βJγ, and then β is invariant up to a constant multiple (in general, the function I = (α + ∇˙γ)(β −1 ) is an invariant of reparametrizations). Geodesics correspond to β = 0 (singular value for I). As complex analogues of geodesics, J-planar curves are of considerable interest in complex and Kähler geometry, see e.g. [Is, ACG, KiT, MR 1 ] .
Two pairs (J, ∇) with ∇J = 0 on the same manifold M are called c-projectively equivalent if they share the same class of J-planar curves. It is easy to show that the almost complex structure J is restored up to sign by the c-projective equivalence, and we will fix the structure J (this does not influence the symmetry algebra)
1 . Thus we arrive to:
Definition. Two complex connections on an almost complex manifold (M, J) are c-projectively equivalent ∇ ∼∇ if they have the same Jplanar curves, i.e. ∇ X X −∇ X X ∈ X C ∀X ∈ D(M). A c-projective structure is an equivalence class (M, J, [∇] ).
This definition can be reformulated in tensorial form. We will do this here only for connections with equal torsion (it is not true that any complex connection is c-projectively equivalent to a symmetric complex one); in particular, this works for minimal connections. The general case is elaborated in Section 4, where we also develop the parabolic setup and prove an equivalence of categories between c-projective structures and regular parabolic geometries of type SL(n + 1, C) R /P with a modified normalization condition.
For two complex connections ∇,∇ on (M, J) with T ∇ = T∇ the equivalence relation from the above definition can be re-written as: (notice that T ∇ = T∇), see [OT, Is, MS] .
A vector field v is called a c-projective symmetry if its local flow Φ v t preserves the class of J-planar curves. Equivalently, a c-projective symmetry is a J-holomorphic vector field v such that its local flow transforms ∇ to a c-projectively equivalent connection: (Φ We use these equations in computing symmetries of the explicit models.
The space of c-projective vector fields forms a Lie algebra, denoted cp(∇, J). It is well known (and we recall in the next section) that the maximal dimension of this algebra is equal to 2n 2 + 4n, and this bound is achieved only if the structure is flat, i.e. c-projectively locally equivalent to CP n equipped with the standard complex structure J can and the class of the Levi-Civita connection ∇ FS of the Fubini-Study metric. Indeed, the group of c-projective symmetries of this flat structure (CP n , J can , [∇ FS ]) is PSL(n + 1, C), and its Lie algebra is sl(n + 1, C). For many geometric structures the natural (and often nontrivial) problem is to compute the next possible/realizable dimension, the socalled submaximal dimension, of the algebra of symmetries, see [E 2 , Ko, K 3 , KT] and the references therein.
For the algebra of (usual) projective vector fields the question was settled in [E 1 ]. For c-projective vector fields the answer is as follows.
Theorem 1. Consider a c-projective structure (M, J, [∇]). If it is not flat

2
, then dim cp(∇, J) is bounded from above by S = 2n 2 − 2n + 4, n = 3, 18, n = 3.
and this estimate is sharp (= realizable).
We will show that the dimensional bound 2n 2 − 2n + 4 is realizable via both non-minimal and minimal complex connections.
2 That is in a neighborhood of at least one point of M the c-projective structure is not locally equivalent to (CP n , J can , [∇ FS ]).
Let us now discuss the minimal case. By [H, CEMN] the corresponding c-projective structures can be encoded as regular normal parabolic geometries of type SL(n + 1, C)/P , we will recall the setup in the next section. The fundamental invariant of any regular normal parabolic geometry is its harmonic curvature κ H , through which the flatness writes simply as κ H = 0. As will be discussed in the next section, for cprojective structures (J, [∇] ) with minimal ∇ the harmonic curvature has three irreducible components κ H = κ I + κ II + κ III .
According to [KT] , the submaximal dimension is attained when only one of the components of the curvature is non-zero (provided the universal upper bound is realized, see loc.cit. for the precise statement; in our case this condition is satisfied). Thus we can study a finer question, namely what is the maximal dimension of the algebra of c-projective vector fields, in the case the curvature is non-zero and has one of the types I-III. Let S i be the maximal dimension of the algebra cp(∇, J) in the case ∇ is not flat, and its curvature has fixed type i.
Theorem 2. For c-projective structures (M, J, [∇]), associated with minimal complex connections ∇, the submaximal dimension of cp(∇, J) within a fixed curvature type is equal to
2 − 2n + 4.
Let us list the first values of the submaximal dimensions: SubMax Dim n = 2 n = 3 n = 4 n = 5 n = 6 . . . . . . Sharpness in the dimension estimates will be obtained by exhibiting the explicit models and their symmetries, and we get S = max S i . Corollary 1. Consider a complex manifold (M, J) with a complex symmetric connection ∇. If the c-projective structure (J, [∇]) is not flat, then its symmetry dimension does not exceed S 0 = 2(n 2 − n + 2) and this upper bound is realizable.
On the way to proving Theorem 2 we establish two general results about the symmetry gap problem for real parabolic geometries (Propositions 1 and 2), which generalize some results of [KT] and are of independent interest.
An important problem in projective differential geometry is to determine if a given projective connection is metrizable. In the c-projective case, the corresponding problem is to determine if a representative of [∇] is the Levi-Civita connection ∇ g of a pseudo-Kähler 3 structure (g, J), where g is a metric and J a complex structure (related by J * g = g, ∇ g J = 0). For such structures we also compute the submaximal symmetry dimension.
Theorem 3. For a Kähler structure (M, g, J) of non-constant holomorphic sectional curvature dim cp(∇ g , J) ≤ 2n 2 − 2n + 3. This bound is realized by (M = CP 1 × C n−1 , J = i) with its natural Kähler metric. For a pseudo-Kähler structure (M, g, J) of non-constant holomorphic sectional curvature we have: dim cp(∇ g , J) ≤ 2n 2 − 2n + 4. This estimate is sharp in any signature (2p, 2(n − p)), 0 < p < n.
Thus the submaximal symmetry dimension S 0 = 2n 2 − 2n + 4 from the above corollary is realizable by a pseudo-Kähler metric. In fact, the submaximal c-projective structure with complex J and symmetric connection ∇ preserving J and having curvature type II is unique and metrizable. The corresponding pseudo-Kähler metric(s), given by formula (7), will be described in detail.
It seems plausible that the above result about Kähler structures extends to a larger space of c-projective structures associated to almost Hermitian pairs (g, J). These are given by ∇ obtained uniquely from the conditions: ∇g = 0, ∇J = 0. We conjecture that all submaximal c-projective structures in this class are associated to Kähler structures.
In Appendix A we give a detailed account of how the submaximal model for an exceptional case (type III, n = 2) is constructed. We discuss the uniqueness issue of the submaximal models in Appendix B.
1. C-projective structures: the normal case.
In this section we give the necessary background on c-projective equivalence of minimal complex connections ∇ on an almost complex manifold (M, J) of dimM = 2 dim C M = 2n (n > 1).
Such c-projective structures on 2n-dimensional manifolds are the underlying structures of regular normal parabolic geometries of type G/P , where G = SL(n+1, C) and P is the subgroup that stabilizes a complex line ℓ ⊂ C n+1 ; both G and P are to be regarded as real Lie groups. We recall some basic setup, referring to [CS, Y, H] for further details. The parabolic subgroup P induces the Lie algebra gradation on the space of trace-free complex matrices:
If ℓ is spanned by the first standard basis vector in C n+1 , then
using the blocks of size 1 and n along the diagonal. In fact, the gradation is induced by a (unique) grading element Z ∈ z(g 0 ), i.e. g j is the eigenspace with homogeneity (eigenvalue) j for ad Z . With the standard choice Z = diag(
, . . . ,
−1 n+1
). The fundamental invariant of any regular normal parabolic geometry is its harmonic curvature κ H , whose vanishing (flatness) is the complete obstruction to local equivalence to the homogeneous model G/P . For c-projective
. In this (flat) case only, dimension of the symmetry algebra cp(∇, J) is equal dim R g = 2(n 2 + 2n). Otherwise the dimension is strictly smaller and we obtain the gap of dimensions: dim g − S.
The harmonic curvature κ H takes values in the space
) consisting of all positive homogeneity components of the Lie algebra cohomology H 2 (g − , g) with respect to the natural g 0 -action. For cprojective structures, V decomposes as a g 0 -module into irreducibles (irreps): V = V I ⊕ V II ⊕ V III (here subscripts are mere numerations). Using the standard (p, q)-notation for the decomposition of tensors with respect to the almost complex structure J, we have [CEMN] :
In the standard terminology, V I ⊕V II is the space of curvatures, and V III is the space of torsions. With respect to g 0 -action, V I has homogeneity 2 + δ 2,n , V II has homogeneity 2, and V III has homogeneity 1.
The harmonic curvature splits in accordance to the above into irreducible components (projections to which are the usual symmetrizers)
where (we refer to [CEMN] for explicit formulae; we only need to know the tensorial type to prove Theorem 2)
• κ I is the (2, 0)-part of Weyl projective curvature of ∇ for n > 2, or the (2, 0)-part of the Liouville tensor when n = 2; • κ II is the (1, 1)-part of Weyl projective curvature tensor of ∇; • κ III is 1 4 N J (torsion of a minimal complex connection ∇). We remark that on a complex background (M, J) (κ III = 0):
• Existence of a holomorphic connection in [∇] is equivalent to κ II = 0, see [CS, Prop. 3.1.17] ).
Kähler metrizable, see [CEMN] . We now summarize an abstract description of V I , V II , V III that will be used in the sequel. The Satake diagram encoding the real Lie algebra g = sl(n + 1, C) R has n nodes in the top and bottom rows:
is obtained by removing all arrows from the above Satake diagram. As g-modules, g C ∼ = g ⊕ḡ, where g andḡ correspond to the ±i-eigenspaces for the natural g-invariant complex structure on g. Pictorially, g and g correspond respectively to the top and bottom rows of the Satake diagram, and conjugation swaps these factors by reflection in the indicated arrows. The original real Lie algebra g is naturally identified with the fixed point set under conjugation, i.e. g ∼ = {x + x : x ∈ g}.
The choice of parabolic p ⊂ sl(n + 1, C) R is encoded by marking the Satake diagram with crosses:
The Satake diagram of the semisimple part of g 0 is obtained by removing the crossed nodes: (g 0 ) ss ≃ sl(n, C) R . The parabolic p C ⊂ g C induces a grading of g C and we have
. Using Kostant's version of the Bott-Borel-Weil theorem [BE, CS] , the computation of (g C ) 0 -module structure of H 2 ((g C ) − , g C ) is algorithmically straightforward. Namely, each (g C ) 0 -irrep, denoted W µ , occurs with multiplicity one and its lowest weight is µ = −w · ν, where
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• we use the affine action · of the Weyl group of g C on g C -weights.
• w = (jk) is a length two element of the Hasse diagram [BE, CS] of (g C , p C ). Here: w = (12), (11), or (12).
• ν is the highest (minus lowest) weight of (the adjoint representation of) a simple ideal in g C . Here: The highest weight of sl(n+1, C) is λ = λ 1 +λ n , expressed in terms of the fundamental weights {λ i }, and we have ν = λ or ν =λ. We encode µ as follows: express −µ in terms of the fundamental weights of g C and mark a given node of the Dynkin diagram of g C with its corresponding coefficient [BE] . Here, V C decomposes into six (g C ) 0 -irreps occurring in three conjugate pairs, and this accounts for the three g 0 -irreps in V. For the real case, we take the same marked Dynkin diagrams but now include the arrows so as to obtain a marked Satake diagram. Conjugate copies are indicated by the symbol Cc. 
Here, V µ is identified with its fixed point set under conjugation, i.e. V µ ∼ = {φ + φ : φ ∈ W µ }. Kostant's theorem explicitly describes a lowest weight vector φ 0 in each (g C ) 0 -irrep W µ . Without loss of generality, µ = −w · λ with w = (jk). Then
in terms of root vectors e β , simple roots {α j }, the simple reflection σ j , and v ∈ g C a weight vector having weight −w(λ). A universal upper bound U on the submaximal symmetry dimension S for regular normal parabolic geometries of type (G, P ) was proved in [KT] . In terms of
where a ψ is the Tanaka prolongation of the pair (g − , a 0 = ann g 0 (ψ)) in g. Namely, a ψ = g − ⊕ a 0 ⊕ a + is the graded Lie subalgebra of g with
To calculate U it suffices to decompose V into g 0 -irreps, calculate the corresponding maximum for each submodule, and then take the maximum of these. The calculation becomes particularly easy for those (G, P ) that are prolongation-rigid (as defined in [KT] 
In [KT] , the complex case was thoroughly investigated. In particular, if (g, p) are complex Lie algebras and V µ ⊂ V is a g 0 -irrep with lowest weight vector φ 0 (and lowest weight µ), then it was proved in [KT] 
We now consider the case of general real Lie groups underlying given complex Lie groups (G, P ), and refer to the marked Satake diagram notation as before (see [CS] ). The complexification of any given real
for some g C -weight µ. In either case, we will (abuse notation and) refer to the given (real) G 0 -irrep as V µ . Note that (i) occurs if and only µ is self-conjugate. For c-projective structures, only (ii) occurs. Defining
where now a ψ is a real Lie algebra, we respectively have:
The following general result is based on [KT, Prop. 3.1 .1].
Proposition 1. Let G be a complex semisimple Lie group, and let P be a parabolic subgroup with reductive part G 0 . Let W be a (complex) G 0 -irrep with φ 0 ∈ W an extremal weight vector. Regarding G and P as real Lie groups, we have for k ≥ 0 and any 0 = φ ∈ W:
Proof. We prove (ii). Fix k ≥ 0, and let ψ = φ +φ. From (1), a ψ k = ker(M(ψ)), where M(ψ) is some real matrix that depends Rlinearly on ψ. The rank of a matrix is a lower semi-continuous function of its entries, so the function
is upper semi-continuous. Clearly, F (cφ) = F (φ) for any c ∈ R × . Note that F is constant on G 0 -orbits, and since z(g 0 ) contains a grading element, then G 0 contains elements that act on W by arbitrary c ∈ C × . Thus, F descends to the complex projectivization P(W).
It is well-known that
Hence, since F : P(W) → Z is upper semi-continuous and constant on G 0 -orbits, then (ii) follows immediately. Proving (i) is similar.
Proposition 2. Let G be a complex semisimple Lie group, and let P be a parabolic subgroup with reductive part G 0 . Regard G and P as real Lie groups.
) the integers over every pair of crossed nodes on the Satake diagram of µ joined by an arrow are not both zero.
Proof. It suffices to prove the result for a single V µ . We have the g 0 -
Repeating the proof of Proposition 1, but now in the complex case, we find that the complex Lie algebra a ψ k for each k ≥ 0 has maximum dimension among 0 = ψ ∈ V µ when ψ = φ 0 or ψ = φ 0 + φ 0 respectively. If the Satake (hence the Dynkin) diagram for µ satisfies the given condition, then by [KT, eqn (3.2) and Thm. 3.3.3], we have a φ 0 + = 0 or a φ 0 +φ 0 + = 0 respectively. This being true for each V µ forces prolongation-rigidity of (g C , p C ), and hence prolongation-rigidity of (g, p).
From Table 1 , we immediately see that the criteria of Proposition 2 are satisfied for c-projective structures.
Corollary 2. C-projective geometry is prolongation-rigid.
We will use the notations S i and U i referring to a specific curvature type. Thus, for each c-projective type, since 2n = dim(g − ), we have
Using the data from Tables 1 and 2 , the annihilators a 0 = ann g 0 (φ 0 +φ 0 ) for all three types are computed in Table 3 .
The following recipe for computing ann g 0 (φ 0 + φ 0 ) is analogous to those discussed in [KT] : Table 3 . Annihilators a 0 = ann g 0 (φ 0 + φ 0 ) associated to harmonic curvature types
(1) Put asterisks over any pair of uncrossed nodes connected by an arrow in the Satake diagram of µ, if one of the nodes has a nonzero coefficient. This determines an (opposite 5 ) parabolic in (g 0 ) ss and hence the general shape of ann g 0 (φ 0 + φ 0 ). (2) Diagonal elements X ∈ sl(n + 1, C) R satisfy µ(X) = 0, since
This condition becomes clear by converting µ into root notation.
Example. Consider the type III case when n ≥ 3. Then
determines the shape of the annihilator as listed in Table 3 . Now express the weight in terms of the simple roots α j = ǫ j −ǫ j+1 , where ǫ j are the functionals that extract the j-th diagonal element of sl(n + 1, C):
This determines the remaining condition on the annihilator.
Using (2), we compute each U µ and obtain the dimensions listed for S µ in Theorem 2, except for type I, n = 2 for which U I = 8.
In the type I case, the Cartan geometry is equivalent to a complex parabolic geometry of type (G, P ) (where these are regarded as complex Lie groups), whose underlying structure is a holomorphic projective structure. These submaximal symmetry dimensions were classified in [KT] (see [E 1 ] for the real projective case). In terms of the C-dimension n of the underlying complex manifold, we have S C = n 2 − 2n + 5 when n ≥ 3 and S C = 3 when n = 2. Regarded as a c-projective structure of type I, these complex dimensions simply double to get the corresponding real dimensions. The n = 2 case is the well-known exception that is the holomorphic analogue of 2-dimensional projective structures, see [KT, §4.3] . This finishes the type I case.
It remains to show that S II = U II and S III = U III . This is accomplished in Section 3 by exhibiting type II and type III models whose c-projective symmetries realize the calculated upper bounds. Alternatively, we now give an abstract proof of realizability via the same technique as used in [KT, §4.1] . There, an abstract model of the regular normal parabolic geometry was constructed by a deformation idea. Here, fix a type and consider the (graded) Tanaka algebra Table 2 , we see that with the exception of the n = 2 type I case, ψ has image in g − ⊂ a, so [·, ·] f is well-defined. As in [KT, Lemma 4.1 .1], the Jacobi identity on f reduces to:
From Table 2 , for n ≥ 3, the output of ψ does not depend on any of the root spaces involved in the input to the 2-cochain ψ. Hence, by (3), the Jacobi identity holds for f. For n = 2, this argument works only in the type II case. In all valid cases, i.e. when f is a Lie algebra, f/a 0 integrates to a local homogeneous space M = F/A 0 . This space will support a c-projective structure whose symmetry algebra is isomorphic to f. This is asserted by an extension functor argument [CS] : Consider the principal P -bundle G = F × A 0 P → M. An f-invariant Cartan connection of type (G, P ) is determined by the algebraic data of a linear map ϕ : f → g that is a 0 -equivariant and satisfies ϕ| a 0 = id a 0 . Using the vector space identification f = a, consider the f-invariant Cartan connection determined by ϕ = id f . Its full curvature corresponds to
Hence, the curvature is purely harmonic. Thus, we have constructed a regular normal Cartan geometry of type (G, P ), and its underlying structure is a c-projective geometry of the given type. When n = 2, the above argument fails for:
• type I: the deformation by ψ is not well-defined. As remarked earlier, S I = 6 < U I = 8.
• type III: the Jacobi identity fails for f. However, a different deformation of a 0 is possible, and a model is given in Section 3; see the details in Appendix A. Thus, S III = U III = 8.
This concludes the proof of Theorem 2.
3. Submaximal models in the three curvature types
Let us specify explicit models 6 realizing the universal bounds for nonflat c-projective structures of the pure curvature types V i . We do not claim unicity of these models at this point, they only prove sharpness of the estimates.
Type I, n > 2. This is the holomorphic version of the Egorov's symmetric connection [E 1 ], given in the real case by the Christoffel symbols Γ
The holomorphic version ∇ is given by (to get real structures we add complex conjugate to all equations, shortening this to +Cc)
(and Γ l jk = 0 for all other barred/un-barred indices) in the coordinate system (z 1 , . . . , z n ) on C n . The complex structure is standard J = i.
In the real coordinates (x 1 , . . . ,x 2n ) given by z k =x 2k−1 + ix 2k we have the following non-zero Christoffel indices:
The harmonic curvature has type I and is non-zero: κ H = κ I = 0. Indeed, the curvature of ∇ in the complex coordinates is equal to
The c-projective symmetries are found from the equations specified in §1 to be the real and imaginary parts of the following (linearly independent) holomorphic vector fields:
Since the totality of these 2 · (n 2 − 2n + 5) coincides with the universal upper bound, these are all symmetries, and so the above (J, [∇] ) is a sub-maximal c-projective structure of curvature type I.
Type I, n = 2. Real projective structures on R 2 were studied by Lie and Liouville [Lio] , and Tresse [Tr] classified submaximal projective connections (in retrospective, as this notions was introduced later by Cartan [C] ; Tresse studied the corresponding 2nd order ODEs). Complexification yields a submaximal c-projective structure with respect to the standard complex structure J = i on C 2 : ∇ is the complex connection with the non-zero Christoffel symbols
The c-projective symmetries are real and imaginary parts of the holomorphic fields (altogether 6 symmetries)
Type II. Consider the complex connection ∇ with respect to the standard complex structure J = i on C n given in the complex coordinates (z 1 , . . . , z n ) by non-zero Christoffel symbols
Its curvature has pure type II, κ H = κ II = 0:
The c-projective symmetries are found from the equations specified in §1 to be the real and imaginary parts of the following (linearly independent) complex-valued vector fields:
Since the totality of these 2 · (n 2 − n + 2) coincides with the universal upper bound, these are all symmetries, and so the above (J, [∇] ) is a sub-maximal c-projective structure of curvature type II.
Type III, n > 2. Sub-maximal symmetric almost complex structures on C 3 , i.e. maximally symmetric (measured via functional dimension and rank) among all non-integrable J, were classified in [K 4 ]. There are two different such structures, but only one of them has the Nijenhuis tensor, given by the lowest weight vector from the Kostant's Borel-Bott-Weil theorem. Namely, the structure in complex coordinates (z 1 , z 2 , z 3 ) is given by
Let us extend it to C n by multiplying with (
In the real coordinates (x 1 , . . . ,x 6 ) given by z k =x 2k−1 + ix 2k we have:
To find a complex connection for this J, let∇ = d be the trivial connection, i.e. its Christoffel symbols vanish in the given coordinate system. Then ∇ = 1 2 (∇ − J∇J) is a complex connection. Its non-zero Christoffel symbols are
In real coordinates these write so:
Γ6 31 = Γ5 32 = Γ5 41 = −Γ6 42 = − 1 2 (at this point one shall be careful with symmetry; our convention is
In particular, Γ6 13 = Γ5 23 = Γ5 14 = Γ6 24 = 0. Thus the torsion T ∇ = 0, while the curvature R ∇ = 0. In fact,
Consequently, κ H = κ III = 0, the connection ∇ is minimal and the c-projective structure (J, [∇]) has curvature type III.
Since the totality of these 2 · (n 2 − 2n + 6) coincides with the universal upper bound, these are all symmetries, and so the above (J, [∇] ) is a sub-maximal c-projective structure of curvature type III.
Type III, n = 2. This is the exceptional case, for which the method of Section 2 does not give even an abstract model. However the abstract bound dim ≤ 8 is sharp. We provide the local model (M 4 , J, [∇]) in real coordinates (x, y, p, q). The almost complex structure in the basis e 1 = ∂ x , e 2 = ∂ y , e 3 = ∂ p , e 4 = ∂ q − 3y 2p
∂ y is given by:
Je 1 = e 2 , Je 2 = −e 1 , Je 3 = e 4 , Je 4 = −e 3 .
In the dual co-basis θ 1 = dx + 3y 2p dq, θ 2 = dy + 5x 2p dq, θ 3 = dp, θ 4 = dq the minimal complex connection is given by:
(these relations are enough since ∇Je k = J∇e k ). The torsion T ∇ is non-zero and represents κ III . The curvature R ∇ is however also non-zero and has type (1, 1). One could suspect that this yields a harmonic curvature of type II (κ I = 0 because the (2,0)-part of R ∇ vanishes, and also because elsewise the dimension of cp(∇, J) would be bounded by 6), but the structure equations show κ II = 0 (we delegate the details of this computation to the appendix).
Thus the above pair (J, [∇]) has harmonic curvature of pure type III. And its symmetry algebra has dimension 8, here are the generators:
(notice that all the symmetries are actually affine).
This finishes realization (by models) of the universal bounds on submaximal symmetry dimensions.
Remark 1. As a consequence of realization and the results of [KT] , the equality U = S yields local transitivity (around any regular point) for the symmetry algebra of any c-projective structure with submaximal symmetry (this also applies to general c-projective structures considered in the next section), as well as for any c-projective structure of fixed curvature type with the submaximal symmetry dimension S i .
C-projective structures: the general case.
In this section we encode the general (not necessary minimal) cprojective structures, considered as equivalence classes of pairs (J, ∇) on a manifold M, with ∇J = 0, as real regular (not necessary normal) parabolic geometries of type SL(n + 1, C) R /P . First let us assume that π : G → M is a principal P -bundle with the Cartan form ω = ω −1 +ω 0 +ω 1 ∈ Ω 1 (G, g). The covariant derivative can be read off the Cartan connection of any G 0 -reduction of this bundle (Weyl structure) by the following formula, cf. [CS, Proposition 1.3.4]:
whereX,Ỹ are arbitrary lifts of X, Y ∈ D(M) to vector fields on G (independence of the lift for Y is obvious, for X follows from the equivariance of ω; one also checks independence of the point a ∈ π −1 (x)). Since the first frame bundle reduction, driven by the almost complex structure J, forces ω −1 to be a complex isomorphism between (T x M, J) and (C n , i) and since ω 0 takes values in gl(n, C), we conclude that ∇ X JY = J∇ X Y , i.e. ∇J = 0. Thus parabolic geometries encode c-projective geometries with classes of complex connections ∇ only.
Moreover, a choice of connection ∇ in a c-projective class with fixed (normalized) torsion corresponds to a Weyl structure of (G, ω) and a change of this gives a c-projective change of ∇. Thus we have to show only that a c-projective class of a complex connection ∇ with a fixed torsion can be represented as a parabolic geometry.
To begin with let us see how we can modify the torsion keeping the class of J-planar curves fixed. By [K 1 , Appendix A] a (2,1)-tensor decomposes into J-linear/antilinear components as follows
++ is killed similar to the real case:
N J is invariant [Lic] . Next T Lemma 1. An antilinear-linear (2, 1)-tensor A satisfying the property A(X, X) ∈ C · X has the following form for some 1-form ϕ:
Substitution Y → JY and use of C-linearity/antilinearity (and cancelation of J) yields
e. A(X, Y ) = Φ(X)Y + Ψ(Y )X for some C-valued 1-forms Φ, Ψ. Antilinearity/linearity by X, Y resp. yields Ψ(Y ) = 0, and Φ(X) = ϕ(X) + i ϕ(JX).
Denote the space of A-tensors from Lemma 1 by T
−+
trace . This is a submodule of T −+ part of decomposition of the space of torsion tensors module T = Λ 2 V * ⊗ V , decomposed into irreducible GL(n, C)-submodules as follows (the part T +− ≃ T −+ appears with its swap, so only one part enters the decomposition)
trace . By traceless we mean that the endomorphism obtained by filling one argument of the (2, 1)-tensor is traceless (and trace is the invariant complement). In complexification this decomposition writes
where Cc stays for complex-conjugate as before. Let us denote the projection to part k in the above decomposition by π k . From the discussion above we can kill π 1 (T ∇ ), π 2 (T ∇ ), π 5 (T ∇ ) by a choice of representative within the c-projective class of ∇, but the components π 3 (T ∇ ) = κ III and π 4 (T ∇ ) are invariant. Remaining freedom in choosing ∇ is given by the standard formula:
Lemma 2. Two J-complex connections ∇,∇ with vanishing parts 1,2,5 of the torsion are c-projectively equivalent if
Proof. Indeed, the tensor A =∇ − ∇ satisfies A − = 0 and
Let us denote ̺ = π 1 + π 2 + π 5 , so that the assumption of the Lemma is ̺(T ∇ ) = 0. Since this tensorial projection is applicable to the corresponding parts of the curvature κ of the Cartan connection ω, viewed as P -equivariant functions, we rewrite the equality as ̺(κ 1 ) = 0, where κ i is the part of the curvature κ of g 0 -homogeneity i. Yet notice that ̺(κ 1 ) is a P -equivariant function from G to Λ 2 g * −1 ⊗g −1 that factors through G 0 and so it is completely reducible 7 (G 0 -equivariant).
Theorem 4.
There is an equivalence of categories between c-projective structures (M, J, [∇]) (with ∇J = 0) and regular parabolic geometries of type SL(n + 1, C) R /P with the curvature normalized by the (P -invariant) conditions ̺(κ 1 ) = 0, ∂ * κ 2 = 0.
Notice that κ 2 + κ 3 is a P -invariant component of the curvature on G, and ∂ * κ 2 = 0 ⇔ ∂ * (κ 2 + κ 3 ) = 0 because the condition ∂ * κ 3 = 0 is vacuous. Thus the conditions of the theorem are P -invariant.
Proof. Given a pair (J, [∇]) we first consider the reduction G 0 of the first frame bundle F M corresponding to the choice of J. Next we construct the full frame bundle G = ∪ u∈G 0 G u , where
is the soldering form, γ ∇ = ω 0 ∈ Ω 1 (G 0 , g 0 ) is the principal connection corresponding to ∇. The topology and the manifold structure on G is induced naturally (through the Weyl structures [CS] corresponding to Weyl connections ∇).
By construction, G is equipped with G 0 -equivariant 1-form ω −1 +ω 0 :
We extend it in a P -equivariant way to a Cartan connection ω ∈ Ω 1 (G, g), however we have to fix the normalization. As usual this is done by the curvature function κ : G → Λ 2 g * − ⊗ g corresponding to the curvature form K = dω + 1 2 [ω, ω] , and the Kostant codifferential ∂ * , see [CS] . Notice that grading 1 part κ 1 of the curvature, corresponding to dω −1 (ξ, η)
does not involve ω 1 , while the grading 2 part κ 2 , corresponding to
does not P -equivariantly embed into the curvatures space Λ 2 (g/p) * ⊗ g cf. [CS] ; it is a quotient of this space.
, is affine in ω 1 (so vanishing of ∂ * κ 2 is a linear inhomogeneous equation). If π 4 (T ∇ ) = 0, then ∂ * κ 1 = 0 (failure of normality). However we claim that we can uniquely fix the last part ω 1 of the Cartan form by the condition ∂ * κ 2 = 0. Indeed, this Kostant co-differential is the left-inverse of the Lie algebra cohomology differential ∂ (= Spencer differential δ) in the complex
∋ κ 2 and since a change of (Weyl) connection is equivalent to a change of κ 2 by ∂ψ, where ψ ∈ g 1 ⊗ g * −1 , we can achieve κ 2 ∈ Ker(∂ * ) precisely as in the normal case (in this grading only).
This construction of G and ω = ω −1 + ω 0 + ω 1 is clearly functorial implying the equivalence claim to one side. The regularity condition holds automatically for all |1|-graded geometries.
To the other side, if we have a Cartan geometry (G, ω) of type SL(n+ 1, C) R /P , then we read off J from G 0 and sections of G → G 0 determine the class of connections ∇. A change of such section is equivalent to a c-projective change of connection as in Lemma 2. [Y, CEMN] provide construction of the normal Cartan connection ω ∈ Ω 1 (G, g). Thus the above equivalence of categories restricts to equivalence of (sub-)categories between c-projective structures (J, [∇] ) with minimal ∇ and normal regular parabolic geometries of type SL(n + 1, C) R /P .
The general submaximal symmetry dimension.
Here we derive the submaximal symmetry dimension for general cprojective structures. In this case, in addition to the above 3 harmonic curvature components there is the 4th invariant part π 4 (T) = T −+ traceless (this space is again a G 0 , and so P -module), and we denote the torsion part in it by κ IV = π 4 (T ∇ ).
The essential curvature in this general case isκ = κ I +κ II +κ III +κ IV , where κ I + κ II are irreducible parts of the normalized curvature part κ 2 ∈ Ker(∂ * ) taken mod Im(∂ * ) (which is the same as the grading 2 part in the minimal case) and κ III + κ IV are irreducible parts of (1 − ρ)(κ 1 ) corresponding to π 3 , π 4 of the torsion. Notice thatκ is the complete obstruction to flatness, i.e. local isomorphism to (CP
The method developed in [KT] applies to this situation and we shall show that the submaximal bound on symmetry dimension persists.
Proof of Theorem 1.
If π 4 (T ∇ ) = 0, then the estimate from above on the symmetry dimension S is given in Section 2. Otherwise the essential curvatureκ, as introduced above, has a component in g ss 0 = sl(n, C) module π 4 (T) = T −+ traceless . Let us notice that normality condition is not crucial for the universal upper bound on the symmetry dimension in [KT] . The essential step is the reduction of g 0 to the annihilator of a curvature and its Tanaka prolongation, so it is straightforward to generalize it to the upper bound
of the submaximal symmetry dimensionŜ in our more general situation, where V = V I ⊕ V II ⊕ V III is the same space of two curvatures and one (minimal) torsion as before (they survive in the general setup, even though their interpretation as harmonic components does not). Moreover, the normality condition is not required for the prolongation rigidity criterion in [KT] , and similar to Corollary 2 in Section 2 we conclude that the symmetry algebra of a general c-projective structure is prolongation rigid. Therefore the graded algebra associated to the filtration at any point x ∈ M is supported in gradings −1 and 0.
The lowest weight vector of the module T
−+
traceless is e α 1 ∧e α 1 ⊗e −α 1 −···−αn . Its annihilator equals
Thus dim a 0 = 2(n − 1) 2 + 2 and the submaximal dimension does not exceed dim a φ 0 = 2(n 2 − n + 2). Since this does not exceed the maximal bound of any of the three pure curvature type in Theorem 2, the conclusion of Theorem 1 follows.
If we assume N J = 0, and so eliminate the spontaneous growth of submaximal dimension for n = 3 (with the winning type III), then the submaximal dimension in the general case is 2n 2 − 2n + 4 for all n ≥ 2, precisely as for type II. But, in fact, we can specify the submaximal dimension of the pure curvature type IV: Proposition 3. For the general c-projective structure with κ I = κ II = κ III = 0, κ IV ≡ 0 (non-zero at one point) the symmetry dimension is bounded from above by 2(n 2 − n + 2) and this upper bound is sharp.
Proof. The upper bound follows from the above proof, so we just need to prove realizability, i.e. to construct a model . We will use the complex notations. Take Γ 2 11 = Γ2 11 = 1 and all other Christoffel symbols zero (again we interchange 2 ↔ n for stabilization of the model). Its torsion T ∇ = (∂ z 2 − ∂ z 2 ) ⊗ dz 1 ∧ dz 1 has only π 4 -component non-zero and its curvature R ∇ vanishes. This is the required in the statement pure curvature type c-projective structure.
The c-projective symmetries are real and imaginary parts of the following (linearly independent) complex-valued vector fields:
The totality of these is 2(n 2 − n + 2) as wanted.
Remark 3. More general pairs (J, [∇]) without condition ∇J = 0 were considered in the early study of c-projective (= h-projective) geometry [Ta, Y, Mi] . J-planar curves still have sense, and the same equivalence relation extends the definition of c-projective structure even further. This is no longer a parabolic geometry, but is a filtered geometry in the sense of
for the grading s of the symmetry algebra, crucial in [KT] to run the Tanaka prolongation (1) as in this paper, holds for the general filtered structures (at regular points). In particular, it applies for the above very general definition of c-projective structures.
The tensor ∇J is an invariant under c-projective equivalence (i.e. equivalence by having the same class of J-planar curves), so one has to check whether the corresponding universal upper bound exceedsÛ. This is not the case, since the tensorial type of the new obstruction is the same as type I plus type II. Thus the submaximal bound of the most general c-projective structure is the same as in Theorem 1.
6. C-projective structures: the metric case.
The goal of this and the next section is to prove Theorem 3. In this section we recall the necessary background on metric c-projective structures and derive a useful estimate involving the degree of mobility; then in the next we give the proof and further specifications.
Two pseudo-Kähler metrics g andg underlying the same complex structure J are called c-projectively equivalent if their Levi-Civita connections ∇ = ∇ g ,∇ = ∇g are.
This can be expressed [DM, MS] through the (1, 1)-tensor
The metrics g andg are c-projectively equivalent iff
In argumentfree form 8 this writes (using symmetrizer by the last two arguments) so:
whereÂ(X, Y ) = g(AX, Y ) and λ A = dτ A . This linear overdetermined PDE system on the unknown A has a finite-dimensional solution space denoted Sol(g, J), and Id ∈ Sol(g, J). Degree of mobility of the pair (g, J) is defined as D(g, J) = dim Sol(g, J).
Let us denote by i(g, J) the algebra of J-holomorphic infinitesimal isometries of g, by h(g, J) the algebra of J-holomorphic vector fields that are homotheties for g. We will need the following estimate:
Lemma 3. For any pseudo-Kähler structure (g, J) we have the inequality:
This was discussed in [MR 2 ], but not formally stated. Though that paper was devoted only to the Kähler metrics the statement is true in general and the proof persists. Let us give a brief argument. The formula
and
. The claim follows from the rank theorem.
By [DM, MS] the degree of mobility is bounded so:
and the equality corresponds to spaces of constant holomorphic sectional curvature. The next biggest dimension, under the additional assumption that there is a projective non-affine symmetry [MR 2 , Mi] , is equal to D sub.max = (n − 1) 2 + 1 = n 2 − 2n + 2.
(6) Another ingredient in our count is the estimate on the dimension of the isometry algebra of a Kähler structure. Clearly the maximal dimension is max dim i(g, J) = n 2 + 2n.
Proposition 4. For a Kähler structure g of non-constant holomorphic curvature we have: dim i(g, J) ≤ n 2 + 2. The bound is sharp and attained, for example, for M = CP n−1 × CP 1 .
Proof. The isotropy algebra of the symmetry algebra is a proper subalgebra of u(n), and so is reductive. All maximal proper subalgebras are u(k) ⊕ u(n − k), and it is clear that the maximal dimension is attained for k = 1 or k = n − 1. Since the Killing vector field is 1-jet determined, we conclude that the sub-maximal isometry dimension is 2n + (n − 1)
Now the required bound for dim cp(∇ g , J) in the Kähler case follows from the Proposition 4, Lemma 3 and formula 9 (6), but since the latter estimate has an additional assumption [MR 2 ], we will give in the next section another proof in the case there exists no essential projective symmetry (that is non-affine symmetry for any choice of g).
Submaximal metric c-projective structures
By Corollary 1 the algebra of c-projective symmetries of a Kähler metric is bounded in dimension by 2(n 2 − 2n + 2). The next example shows that this bound is realizable by a metric c-projective structure. Indeed, consider the following pseudo-Kähler metric on C n (J = i):
(ǫ k = ±1). One easily checks that its Levi-Civita connection coincides with the connection ∇ of type II given by formula (4), and so the submaximal complex (integrable J) projective structure is metrizable; in addition by varying the signs ǫ k we can achieve any indefinite signature (2p, 2n − 2p) for the pseudo-Kähler metric, 0 < p < n.
To finish the proof of Theorem 3 we have to show that no Kähler metric can have more than 2n 2 −2n+3 linearly independent c-projective symmetries unless it is c-projectively flat (i.e. has constant holomorphic sectional curvature). So we let g be Kähler till the end of the proof. In the case there exists an essential c-projective symmetry (for at least one g with ∇ g ∈ [∇]) the claim follows from the estimates of Section 6. Thus let us assume that for a Kähler metric g the algebra of cprojective symmetries coincides with the algebra of (infinitesimal) symmetries of the pair (∇ g , J): cp(∇ g , J) = aff(g, J). Fix a point x ∈ M at which the curvature tensor R does not vanish, and consider the holonomy algebra H x of ∇ g at x. Since ∇ g preserves both g and J, we have H x ⊂ u(n). By Ambrose-Singer theorem H x contains the endomorphisms R(v ∧ w) for v, w ∈ T x M, so H x = 0.
By the (infinitesimal version of) de Rham decomposition theorem [Ei] , we can split T x M = ⊕ m k=0 Π k , where Π 0 is the subspace of complex dimension r 0 < n where R vanishes, and the other pieces are irreducible with respect to H x (all Π k are J-invariant and so have even real dimensions 2r k ). Any Kähler metric, which is equivalent to g via a complex affine transformation, is obtained from it by a block-diagonal automorphism diag(A 0 , c 1 , . . . , c m ), where A 0 ∈ GL(Π 0 , J) and c k = 0 are constant multiples of the identity in the corresponding block.
Therefore the isotropyã 0 (x) of the complex affine symmetry algebra at x consists of block-diagonal endomorphisms diag(ϕ 0 , ϕ 1 , . . . , ϕ m ) ∈ã 0 (x) ⊂ aff(g, J), where ϕ 0 ∈ gl(Π 0 , J) is a C-linear matrix of complex size r 0 and ϕ k ∈ u(Π k , g, J) + R · Id is generated by a unitary transformation of the k-th block of complex size r k and the standard homothety (scaling of the metric g). Consequently we obtain
with equality iff the de Rham decomposition is (n − 1) × 1 complex block and the smaller block is gl(1, C) = u(1) + R (with a homothety). Next, the upper bound 2n +ã 0 (x) on the symmetry algebra aff(g, J) is sharp only if the symmetry acts transitively. It is well-known that a Riemannian metric with an open orbit of the isometry group has no homotheties 10 . Therefore we get the required estimate dim aff(g, J) ≤ 2n + 2(n − 1) 2 + 1 = 2n 2 − 2n + 3.
Due to the above arguments (and the fact that the homothety algebra of any non-flat connected 2-dimensional surface has dim ≤ 3) it is now 10 Indeed, if ϕ * g = λ · g for a homothety ϕ and x is a fixed point with non-zero Riemann curvature tensor R, then equality ϕ * R 2 = λ −2 R 2 at x implies λ = 1.
clear that this upper bound is achieved iff (M, g) is C n−1 ×Σ 2 , where Σ 2 is the complex curve equipped with a J-compatible metric of constant curvature K = 0. Theorem 3 is proved.
Remark 4. Let us explain why the submaximal metric structure (7) is unique up to an isomorphism. We use transitivity of the symmetry algebra of the corresponding c-projective structure from Remark 1. Fix a point o ∈ M (J is also fixed). Then the metric g and the curvature tensor R g are determined up to complex affine transformation on T o M. In fact, there is an invariant null-complex line (and correspondingly the dual C-line in the cotangent space) fixed by the isotropy, and if we fix them the isotropy a 0 determines (g, R g ) at o uniquely. Now (M, g) is a symmetric space and so is uniquely determined by the data (g, R g ) at one point o.
Let us now describe the structure of the symmetric space M 4 0 corresponding to the submaximal (with respect to c-projective transformations) metric g of (7) (since the cases n > 2 are obtained from this M 4 0 by direct product with C n−2 , it suffices to study n = 2 only). We have M 0 = G/H for some Lie groups G ⊃ H because the symmetry acts transitively. There are 3 different presentation of M 0 as such quotient.
At first we consider the Lie algebra of c-projective transformations s with the isotropy a 0 of type II from Section 2. This 8D algebra is solvable with the derived series of dimensions (8, 5, 3, 0) . In addition it has the Z 2 -grading: 
Second, consider the group G 6 k of holomorphic isometries, i.e. symmetries of the pseudo-Kähler structure (g, J). This group is also solvable, with the derived series of dimensions (6, 5, 3, 0) and the action of e 1 is induced. The Z 2 -grading of the resulting Lie algebra
, and
Appendix A. Some details on the model for type III, n = 2
We found the c-projective structure (M 4 , J, [∇]) of curvature type III with 8 symmetries using parabolic geometry machinery and Cartan's equivalence method. Our computations exploited the packages DifferentialGeometry and Cartan in Maple.
A.1. Structure equations. We first derived the structure equations for the normal Cartan geometry (G → M, ω) of type (G, P ), n = 2. For the basics of parabolic geometry machinery we refer to [CS] .
The curvature 2-form
* the curvature module. The unique grading element Z ∈ g 0 ∼ = gl(2, C) stratifies K into homogeneities, and we decompose each into g 0 -irreps:
Here, dim R (V i ) = i. The harmonic curvature corresponds to the modules V 4(1) , V 16 , V 4(4) , which comprise ker( ), where = ∂∂ * + ∂ * ∂ is the Kostant Laplacian (and ∂ is the Lie algebra cohomology differential).
Let E jk denote the 3 × 3 matrix with a 1 in the (j, k) position and 0 otherwise, and let F jk = iE jk . Decompose into real and imaginary parts, ω = θ + iη ∈ Ω 1 (G; g), and impose a trace-free condition, say ω 22 = −ω 11 − ω 33 . The structure equations are
The 2-forms K jk ∈ K are obtain by via the duality
In particular,
where A 1 , ..., A 4 : G → V 4(4) , and similarly for the coefficients B 1 , ..., B 32 , C 1 , ..., C 24 of the other modules V j(k) . The first structure equations are
where α i are semi-basic 1-forms, i.e. linear combinations of base forms θ 21 , η 21 , θ 31 , η 31 . Writing dα i = δA i + α i , the δA i terms describe the infinitesimal vertical change of these coefficients under the P -action.
A.2. Derivation of the model. We follow the method introduced by Cartan [C 2 ] (for a more detailed explanation see [DMT] ) to normalize curvature under the (vertical) action of the structure group.
In our case if the N J = 0, we obtain the normalization
forcing the relations
The residual structure group is now 8-dimensional and still contains P + . On coefficients in the V 6 and V 2 modules P + induces translation actions on four coefficients, these can all be normalized to zero. This reduces the bundle to (E → M, S), where S ⊂ P is a 4-dimensional subgroup, and E comes equipped with:
• an S-equivariant coframing: ω 21 , ω 31 , ω 11 , ω 23 ;
The symmetry algebra of the c-projective structure is bounded by 8 = dim E. For this bound to be sharp, S must act trivially on curvature coefficients. This forces the vanishing of many parts of the curvature function. Indeed, after resolving all integrability conditions, we found that there is a unique model with 8 symmetries, and for it κ| E has non-trivial components only in V 4(4) and V 8 . Here are the structure equations:
The embedding relations and the structure algebra are: 
Let W jk = e jk + if jk be the dual framing on E. Then f 21 ⊗ θ 21 − e 21 ⊗ η 21 + f 31 ⊗ θ 31 − e 31 ⊗ η 31 is pullback of the almost complex structure J on M. The minimal complex connection ∇ can be read off from the principal connection γ. Viewing T M ∼ = E × S V ≃ R 4 we integrate the structure equations and obtain the model in coordinates as indicated in Section 3.
A.3. Deformation approach. Another approach to get a sub-maximal model is to deform a graded sub-algebra of g by preserving its filtered Lie algebra structure, but destroying the grading [K 3 , KT] .
In our case the graded sub-algebra a φ = g − ⊕ a 0 ⊂ g has complex matrix representation (α = α 1 + iα 2 , β = β 1 + iβ 2 , ν k = ν The process of recovery of s from its subalgebra a 0 and the action of a 0 on s/a 0 = g − is described as follows: one has to introduce indeterminate coefficients of the undetermined commutators and then constrain these coefficients by the Jacobi identity.
Though in general this is quite a complicated system of quadratic equations, in our case many linear equations that occur allow to resolve it. We used Maple to facilitate the heavy computation. All cases n ≥ 2 follow the same pattern, and as the output we obtain a 1-parameter Lie algebra structures(t).
If the parameter t = 0 we get the graded algebra a φ , while the case t = 0 reparametrizes to t = 1 corresponding to the symmetry s of (4). Thus there are only two cases to consider.
Contrary to the non-exceptional parabolic geometries the possibility of graded symmetry algebra does not imply flatness of the c-projective structure (compare [KT, Example 4.4.3] ).
Therefore on the next step we look for c-projective structures invariant with respect to a φ =s(0) and s =s(1). Such structures are unique and are: flat and (4) in the first/second cases respectively. This proves the claim for type II structures.
Submaximal c-projective structure of type I is also unique up to an isomorphism. This is actually a holomorphic version of the uniqueness of Egorov's submaximal (real) projective structure. Such result was expected by experts, but Egorov's paper [E 1 ] does not contain an indication of this result. Therefore we have verified it directly by the method described for type II (note that our computation applies to both smooth real and complex analytic cases).
Here everything is similar, but the pattern holds for the cases n > 2 and the Maple computation asserts the result. The case n = 2 is an exception, and we refer the reader to [Tr, K 2 ] for the discussion of the smooth situation, in which case there are two submaximal models. The analytic case is similar but the two models glue because ± arising in the smooth case can be renormalized over C. As the conclusion we obtain unicity for type I submaximal structures.
A computer verification shows that submaximal c-projective structure of type III is also unique up to an isomorphism for n > 2, but the case n = 2 for type III is an exception, and here the uniqueness of the submaximal c-projective structure follows from the Cartan equivalence method as described in Appendix A.
B.2. Metrics with the submaximal c-projective symmetry. Let us compute all metrics c-projectively equivalent to the pseudo-Kähler metric g given by (7). These are precisely those metrics that solve the metrizability equation for the c-projective structure (4), and their number is equal to the dimension of the solution space of (5), i.e. the degree of mobility of this metric: D(g, J) = D sub.max = (n − 1) 2 + 1. To find these equivalent metrics let us compute the space of all parallel 1-forms: dz 2 , . . . , dz n ; dz 2 , . . . , dz n (9) (these already split into (1, 0) and (0, 1) type respective to J). Since cp(∇ g , J) = aff(g, J) the required metrics are linear combinations of g and (1, 1)-type quadrics in the forms (9) (the coefficient of g in such combination has to be nonzero by nondegeneracy).
Indeed, dimension of the space of such combinations is (n − 1) 2 + 1, and since this number equals D sub.max , there exists no other metric that is complex affine equivalent to the metric g. Thus the general metric, c-projectively equivalent to g (up to scaling) is equal tô
c kl dz k dz l (c lk = c kl ), and we again confirm that a pseudo-Kähler metricĝ with submaximal number of c-projective symmetries cannot be of Riemannian signature.
